Abstract. Let p(n) denote the number of partitions of n. In this paper we prove that if {An + B} is an arithmetic progression and ℓ ≥ 5 a prime, such that p(An + B) ≡ 0 (mod ℓ), n ∈ N.
Introduction
For ℓ ≥ 5 a prime we define δ ℓ := ℓ 2 − 1 24 , ǫ ℓ := −6 ℓ and S ℓ := {β ∈ {0, . . . , ℓ − 1} :
β + δ ℓ ℓ = 0 or − ǫ ℓ }.
Let p(n) denote the number of partitions of n ∈ N. The pourpose of this paper is to prove the following theorem conjectured by Scott Ahlgren and Ken Ono [2] : Theorem 1.1. Suppose that ℓ ≥ 5 is prime, A, B ∈ N such that A > B and p(An + B) ≡ 0 (mod ℓ), n ∈ N.
Then ℓ|A and there exists β ∈ S ℓ such that B ≡ β (mod ℓ).
The importance of this theorem is motivated by a previous paper [1] by the authors where they prove the following theorem: Theorem 1.2 (Ahlgren and Ono). If ℓ ≥ 5 is prime, m is a positive integer, and β ∈ S ℓ , then there are infinitely many non-nested arithmetic progressions {An + B} ⊆ {ℓn + β}, such that for every integer n we have p(An + B) ≡ 0 (mod ℓ m ).
In [1, Sect. 1] the authors write: "In Section 4, we consider those progressions ℓn+β for β ∈ S ℓ . We give heuristics that cast doubt on the existence of congruences within these progressions." The proof of the Theorem 1.1 is based on deep results by Deligne and Rapoport [3] and some results in [5] or [7] . We are also using theorems 4.2, 4 and 4.4 which were used in a previous paper and are also based on results in [3] . Our contribution is the Lemma 5.5 which takes the main part of the last section.
The organization of this paper is as follows. In Section 2 we prove Theorem 1.1 by citing several theorems in Section 4. In Section 3 we give some preliminaries to modular forms. In Section 4 we make a classification of congruences in the sense that we show that some congruences are implied by others in a progression with smaller modulus. In Section 5 we prove our main result Lemma 5.5 which is needed for proving Lemma 4.6 in Section 4. Also in Section we prove Lemma 5.6 which is a technical result needed to prove Lemma 4.5 in Section 4.
We continue the introduction with the following reformulation of the set S ℓ in Theorem 1.1. Lemma 1.3. For ℓ ≥ 5 a prime we have
Proof. First note that
Note that
= 0 implies that for any β ∈ {0, . . . , ℓ − 1}
which together with (1) and (2) implies the desired result.
The proof
Let A, B ∈ N with A > B such that
Then by Theorem 4.3 there exists a positive integer Q coprime to 6 dividing A and a t ∈ {0, . . . , Q − 1} with t ≡ B (mod Q) such that
Then ℓ|Q because if not, then by Theorem 4.4 there exists a positive integer n 0 such that ℓ ∤ p(Qn 0 + t). Hence we may write Q = Q 0 ℓ r for some positive integers Q 0 , r with gcd(Q 0 , ℓ) = 1. Now if 24t − 1 ≡ 0 (mod ℓ), then we are finished. So assume that 24t − 1 ≡ 0 (mod ℓ). Then by Lemma 4.5
where t * is the minimal nonnegative integer such that t * ≡ t (mod ℓQ). Next we apply Lemma 4.6 to the congruence (3) and we obtain 24t * −1 ℓ = −1 ℓ which together with Lemma 1.3 implies the desired result.
Preliminaries
For f a holomorphic function on the upper half plane H and γ = a c b d ∈ SL 2 (Z) (the set of all 2 × 2 matrices with integer entries and determinant 1), we define
For every positive integer M we denote by Γ(M ) the set of all matrices in SL 2 (Z) congruent to
For k an integer and Γ a subgroup of SL 2 (Z) containing Γ(N ) for some N we denote by M k (Γ) the set of all holomorphic functions on the upper half plane H satisfying
• for all ξ ∈ SL 2 (Z) the function (f | k ξ)(τ ) admits a Laurent series expansion in the variable q N := e 2πiτ /N . We call this expansion the q-expansion of f | k γ.
For N a positive integer let
A Classification of Congruences
Definition 4.1. For m a positive integer and t ∈ {0, . . . , m − 1} we define P m (t) to be the set of all t ′ ∈ {0, . . . , m − 1} such that
for some a ∈ Z with gcd(a, 6m) = 1.
We have the following important theorems:
Theorem 4.2. Let m, l be positive integers and t ∈ {0, . . . , m − 1} such that
Then for all t ′ ∈ P m (t) we have
Theorem 4.3. Let a, b, Q, ν ∈ N and t ∈ {0, . . . , 2 a 3 b Q − 1} with ν, Q > 0 and gcd(Q, 6). Assume that
Then p(Qn + t) ≡ 0 (mod ν), n ∈ N, where t is the minimal nonnegative integer such that t ≡ t (mod Q).
Theorem 4.4. Let Q, ν be positive integers such that gcd(Q, 6ν) = 1, ν = 1 and t ∈ {0, . . . , Q − 1}. Then there exists an integer n such that ν ∤ p(Qn + t).
We prove 
where t is the minimal nonnegative integer such that t ≡ t (mod ℓ b+1 Q).
Proof. By (6) and Theorem 4.2 we have
By (4.1) t ′ ∈ P ℓ r Q (t) iff there exists a ∈ Z with gcd(a, 6ℓQ) = 1 such that
and t ′ ∈ {0, . . . , ℓ r Q − 1}. By Lemma 5.6 we obatain that for each l ∈ Z there exist a r,l with gcd(a r,l , 6ℓQ) = 1 such that
which implies by (7) that
for every l ∈ {0, . . . , ℓ r−b−1 − 1}, implying together with Theorem 4.2 that
for every l ∈ {0, . . . , ℓ r−b−1 − 1}. Since
and every nonnegative integer m can be written as m = ℓ r−b−1 n + l for some nonnegative integers n, l with l ∈ {0, . . . , ℓ r−b−1 − 1} we conclude
Lemma 4.6. Let ℓ ≥ 5 be a prime, Q a positive integer such that gcd(Q, 6ℓ) = 1 and β ∈ {0, . . . , ℓQ − 1}. Assume that
The proof is based on the following lemma by Deligne and Rapoport:
Theorem 4.7. [3, VII, Cor. 3.12] Let k, N be positive integers, p a prime number and p m the highest power of
Proof of Lemma 4.6: Assume that
Then there exists a ∈ Z such that
which implies together with gcd(Q, 6ℓ) = 1 that there exists a ∈ N with gcd(a, 6ℓQ) = 1 such that
Let β ∈ {0, . . . , ℓQ − 1} be uniquely defined by the relation
By [7, Th. 2.14], we have for a suitable positive integer k
where η(τ ) := e πiτ /12 ∞ n=1 (1 − e 2πinτ ) 24 , τ ∈ H is the Dedekind eta function and satisfies η 24 | 12 γ = η 24 for all γ ∈ SL 2 (Z).
Let X > 0 and Y be integers such that
2 Xℓ Y Q , x = 24ℓX, y = Y , m = ℓQ, t = β and r = −1. We then obtain 1 For given positive integers k, N and f ∈ M k (Γ(N )) with the coefficients of the q-expansion of f in Z[1/N, e 2πi/N ] we obtain by Theorem [3, VII, Cor. 3.13] that for γ ∈ SL 2 (Z) the coefficients in the q-expansion of f | k γ have the same property. In this case there exists also a power N j of N such that for γ ∈ SL 2 (Z) the coefficients in the q-expansion of N j f | k γ are in Z[e 2πi/N ] (see for example [3, VII, Cor 3.11]). Consequently for a given prime p and a prime ideal π in Z[e 2πi/N ] lying above p it makes sense to write f | k γ ≡ 0 (mod π ν ) if all the coefficients in the q-expansion of f | k γ lie in the ideal π ν .
where t d is the unique integer satisfying
Because of (9), (10) and (15) we have t Q = 0 and consequently (14) transforms into 
where κ := 12(k − ℓQ). Then (17) implies
and by Theorem 4.7 G
and consequently p(ℓQn + β) ≡ 0 (mod ℓ) for some n ∈ N and since β ∈ P ℓQ (β) because of (11) and Definition 4.1 we obtain by Theorem 4.2 that p(ℓQn + β) ≡ 0 (mod ℓ) for some n ∈ N which is a contradiction to our assumption (8). • for every prime p we have p|m c implies p|c.
We also define the set It remains to show uniqueness.
Then because of (19) we have d :
and consequently s 
and 0 ≤ t d < m C − 1 and 
Next we note that for (d, l, s) ∈ ∆(m 0 , m c ) we have By (25) and (28) we obtain
By (26) and (i) we have
which together with (29) implies that
and by standard properties of the jacobi symbol
because by (i) we have ym 0 ≡ 1 (mod 24C). By the above calculation we have
by using ym 0 ≡ 1 (mod 24) and d 2 ≡ 1 (mod 24). By (30) and (32) and because of η(τ + 24) = η(τ ) we obtain e πiA(mC−3) 12
Next we obtain a better expression for x λ . By (27):
and by (31):
By (34) we conclude that
By (27), (35) and (i) we find
because by assumption (i) we have x ≡ 0 (mod 24C). By (36), i and (ii) we obtain
which togeter with (35) implies
Using the above formulas we compute (B + 24λD)x λ modulo 24Cm 0 /d. By using (37) and (26) we find
because of x ≡ 0 (mod 24C) by (i)
because of ym 0 ≡ 1 (mod 24C) by (i) and 24A ′ ≡ 24D (mod 24C) because of
because of (ii) and x ≡ 0 (mod 24C) by (i)
Next note that if v 1 and v 2 are integers such that 
By Lemma 5.4
By (41) Finally substituting in (40) we obtain (22).
Lemma 5.6. Let Q be a positive integer, v ∈ Z with v = 0 and p ≥ 5 a prime. Let b be maximal such that p b |v. Then for any integer r ≥ b + 1 and l ∈ Z there exists a r,l ∈ Z with gcd(a r,l , 6pQ) = 1 such that a 2 r,l v ≡ v + 24lp b+1 Q (mod p r Q).
Proof. Fix l ∈ Z. Then the statement holds for r = b + 1 with a r,l = 1. Next assume that the statement is true for r = R ≥ b + 1 and prove it for r = R + 1.
That is there exists a R,l such that
We make the "ansatz" a R+1,l := a R,l + 24p R−b Qx. Because of (42) it makes sense to define s to be the integer satisfying
Then we need to show that there exists x such that (a R,l + 24p
We have 
